Non-transferable capital is an essential feature of the Fel'dman two-sector growth model. This paper is primarily an answer to the following question. Given that capital is really partially shiftable between its two sectors, when can the Fel'dman model be meaningfully used?
INTRODUCTION
TO AN ECONOMIST the study of economic development is in large part an investigation into the mechanics of capital formation. At least in theory, the output options open to a developing economy are more restricted in the case where possibilities for obtaining foreign exchange via trade or aid are relatively limited. Society's menu of choices is even easier to enumerate if it is further assumed that labor is surplus in the sense that labor supply is a non-binding constraint on economic development now and for some time to come. These conditions are roughly descriptive of the historical situation confronting some large underdeveloped nations wishing to industrialize rapidly; the U.S.S.R. in the thirties is a classic example.
In such situations the key to economic growth is the capacity of the domestic capital goods sector. Increasing that capacity by ploughing back a high proportion of investment goods for purposes of self-reproduction will permit high consumption levels eventually, but not just in the near future. The reverse is true if, by bolting down a substantial percentage of investment goods there, the consumer goods sector is presently expanded.
These thoughts underlie a very interesting model of economic development first propounded by the Soviet engineering economist G. A. Fel'dman in 1928 [7] 2 We are indebted to Professor Domar [6] for pointing out the significance of this model and for relating it to current growth theory as well as to the Soviet industrialization debate of the twenties. The same model has been independently formulated by the Indian statistician P. C. Mahalanobis [9] who places somewhat greater emphasis on making it operational enough to serve as a rough guide of sorts for Indian long term planning. 3 In its simplest form this model splits an economy into two departments, investment and consumption. Investment goods are general ex ante and can be used to increase the capacity of either sector. But ex post, capital is specific to the 1. INTRODUCTION TO AN ECONOMIST the study of economic development is in large part an investigation into the mechanics of capital formation. At least in theory, the output options open to a developing economy are more restricted in the case where possibilities for obtaining foreign exchange via trade or aid are relatively limited. Society's menu of choices is even easier to enumerate if it is further assumed that labor is surplus in the sense that labor supply is a non-binding constraint on economic development now and for some time to come. These conditions are roughly descriptive of the historical situation confronting some large underdeveloped nations wishing to industrialize rapidly; the U.S.S.R. in the thirties is a classic example.
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A related problem lurks behind the whole notion of a capital stock which cannot be transferred between the consumption and investment departments of an economy. Undoubtedly houses or wheat-growing land are not well suited for making tractor engines. Likewise machine tools are relatively useless for baking bread. Nevertheless, because most intermediate commodities are used, directly or indirectly, for both consumption and investment, plant and equipment engaged in producing these raw materials is easily transferable in the sense that a change in the intermediate product's final destination is tantamount to shifting capital from one department to the other. Railroads can transport construction materials as easily as they can sacks of flour, and it is irrelevant to the operation of a steam turbine whether its electricity goes to power factory machinery engaged in cutting metals or sewing shoes.
Clearly the Fel'dman model exaggerates the significance of capital ossification. In order to examine the consequences of greater realism it is necessary to go over to an economy with more than two categories. A classification scheme for a model with three sectors is described in Table 1.6 Introducing an extra sector has hardly banished the arbitrariness which must be involved in assigning certain industries to one of three categories, although the present arrangement along more usable functional guidelines is at least an improvement over the two sector classification. The assumption (to be made) that such gigantic sectors as these are subject to aggregate production relations (of the 
A THREE SECTOR MODEL
For evaluation purposes we take as an appropriate social objective the infinite integral of a discounted instantaneous utility function which is defined over current consumption, C. For ease of manipulation we choose the instantaneous utility function to be of the constant elasticity of marginal utility type:
where the parameter q is minus the (constant) elasticity of marginal utility. Likewise for convenience, the discount factor is chosen to be of the exponential form e-Pt, where p is the social rate of pure time discount parameter.
From (1), the instantaneous (undiscounted) social utility of consumption at time t is given by7 We follow the convention of writing (undiscounted) price or co-state variables to the right of a double colon following the equation to which they are dual. Variables are not explicitly specified as a function of time where this interpretation is otherwise clear.
Letting j = I, C, or R, K(t) is capital stock in sector j at time t, a state variable;
Yj is output per unit of capital in sector j, a parameter; j(t) represents the fraction of investment allocated to sector j at time t, a control variable; a, is the amount of input R required per unit production of I, a parameter; and ac is the amount of input R required per unit production of C, a parameter.
Because each sector of economy (iii) is viewed as an enclave, extensive netting out of intermediate stages internal to a sector must be assumed to have taken place. This interpretation has to be considered in translating the sectoral outputcapital ratios; yj represents the final net-of4intermediate-stages output of sector j per unit of capital stock which is spread out in the appropriate proportions over all the stages of production internal to sector j leading up to and including the production of the sector's final product.
Let f3j represent the final output of j per unit of direct and indirect capital in all sectors; /3j differs from yj in that account is taken of the fact that raw materials used up in the production of I and C require the use of (direct and indirect) capital in sector R. It is easily seen that Otherwise the net productivity of capital is exceeded by the discount rate imposed on the system; it never pays to plough back any investment into the investment goods sector because society is too impatient to exploit the productivity of capital.
A final assumption is that 10 This justification can easily be made rigorous. Let ,e represent the optimal value of the social objective integral (3) in problem (iii) which, it turns out, is relatively easy to solve. Now consider a harder problem (problem (h)) with the same objective function but where the potential labor force at time t is fixed, say at Lent, and a, (j = I, C, R) represents the labor-output ratio for sector j under the surplus labor regime. In problem (h) the labor surplus technology described by (4), (5), and (6) is appropriate only so long as acq + acC + aRR < Lent. The moment this constraint becomes binding we must move on to other sets of techniques which economize on labor at the expense of capital. Problem (h) is thus a fully general, much more realistic three sector, non-shiftable, putty-clay model with labor a primary input and multiple production techniques available. Let the optimal value of the social objective (3) for problem (h) be denoted h.
Now consider the followingfeasible solution to problem (h). Follow exactly the optimal solution to problem (iii) (not yet enumerated) until time Twhen the equation acI(T) + acC(T) + aR(T) = LenT
holds for the first time. From then on follow an optimal solution with respect to the given capital stocks at time T and the full production possibilities of problem (h). Let the social objective (3) for this feasible but clearly non-optimal solution to problem (h) be denoted Of. Obviously Of < Oh < Ie. It is relatively straightforward to show that limL-O1f = e implying limL-Oh = e.
In the presence of a large initial reserve of unemployed labor the planners cannot go very far wrong in starting off by implementing the solution to problem (iii) in the early years even though they know (h) in fact to be the real situation. It is this result which can be interpreted as justifying our interest in the infinite horizon surplus labor problem.
ONE AND TWO SECTOR MODELS
The behavior of model (iii) is easiest to understand in terms of simpler one and two sector models of the same family. With this in mind, it is convenient to pretend that the "real world" is being portrayed by the model (iii) and then to consider how a macro economist would build a one and two sector model out of the same situation using the same data.
The Roughly speaking, the two sector economy (ii) wants to grow in the same way as the optimal solution to the one sector model (i). But only infrequently is it to be expected that s(O) = s*. In all but a razor's edge case, therefore, a specialization phase comes first. All investment in this initial specialization phase is devoted to the relatively underdeveloped sector. In this way capital stock proportions are restructured to achieve the optimal gross savings rate s* as quickly as possible. Thereafter balanced growth at rate g occurs which maintains the optimal savings rate s*. 3 Let x* be the capital structure ratio K1/K2 (or (I/C)) which corresponds to the optimal savings rate s*. Obviously x* = s*/(1 -s*).
The solution is easily portrayed diagrammatically. In Figure 1 Throughout the non-specialization phase (t > -), investment is balanced between I and C. With 0 < A = s* < 1, (34) and (37) yield ql(t) = q2(t) = q(t) for t > r. From (35) and (36), U'(C(t)) = q(t) for t > r. In particular, letting t =, ( 
40)
U'(C(z)) = q(z).
But (41) U'(C(z))= U'(C()),
since e = 0 for 0 < t < r.
Putting together (39), (40), and (41) yields (42) U'(C(0)) = qoe(P -l).
Combining (42) with (38),
U'(C(0)) = qo(NO/Co)(P-)I
The expression (43) will prove useful in the sequel. While there is often a temptation to analyze patterns of optimal growth parametrically, as a function of all possible initial endowments, it is unlikely that the given historical capital stocks of any real economy would take on completely arbitrary values. We assume that the economy starts off in configuration (1). The rationale behind a full capacity endowment is the notion that previous to the historical discontinuity of time zero an internally consistent ancien regime was moving along in some kind of non-specialization phase without excess capacity.16 Apre's la revolution the new planning board inherits an historically determined savings rate s(O) which is likely to be very different from the desired rate s* best suited to its own newly enforceable social values.
SOLUTION OF THE THREE SECTOR

The two sector approach suggests starting off by splitting KR(O) between departments 1 and 2. Defining K1(O) _ (1 + (aIyI/yR))KI(O) and K2(0) (1 + (acyC/YR))Kc(O), we could pretend that the resulting model obeyed (27H32) instead of (4H12). Translating back from model (ii) to model (iii) would be accomplished with the aid of the relations KI(t) = (1 -a1)K1(t), KC(t) = (1 -ac)K2(t), and KR(t) = a1K1(t) + acK2(t). We could then proceed by optimizing model (ii)
with the given initial conditions. Suppose for concreteness the historically more relevant situation s(O) < s*. The solution would be to specialize initially all investment to the investment goods department (which now includes KR capital) increasing s to s* and thereafter maintaining it at that rate by a policy of balanced investment. Starting from an initial PPS of OEBJO in Figure 2 , such a policy would proceed from B to V and then move out along the ray s = s*. At any time the PPS would be a full capacity rectangle.
This full capital employment program is certainly feasible in the context of model (iii), but is it optimal? If more investment is strongly enough desired in the beginning, it could be rapidly built up at the expense of consumption via a program of reinvesting only in sector I and re-routing to that sector some R previously destined for sector C. In Figure 2 this means moving from B to G, where the line BG has slope -ac/a1. Excess capacity would be created in sector C, changing the PPS from a full employment rectangle (OEBJO) to a pentagonal PPS (OEBGHO) in which the raw materials constraint (6) is operative as the line BG. 16 In theory the general case of any initial configuration of capital endowments could be handled without difficulty by using the same methods we employ for the initial full capacity situation. The rub is that the number of possible cases becomes unwieldy. For this reason it seems better to sacrifice full generality in favor of focusing on a particular historically interesting case.
In this situation the pseudo departments 1 and 2 would be meaningless because they would lack stability. The basic aim of this paper is to determine conditions under which stability is non-existent because capital is in effect shifted from one department to another by transferring the destination of R. The following theorem is the main result. Treating s* as fixed, condition (49) is also more likely to prevail, ceterus paribus, the closer is s(0) to s*. An economy starting off with a savings rate near that which it desires to attain is less likely to be in such a hurry to speed up the growth of investment as to tolerate excess capacity in the consumption goods sector.
The most meaningful consumption goods in the context of an economically underdeveloped country are primarily food products, soft goods, and housing services. It seems reasonable to suppose that the transportation, fuel, electricity, and selected industrial materials necessary to maintain consumption levels at existing capacity are probably negligible compared with the loss of consumption entailed by transferring these intermediate materials to the investment sector.'7 Even though investment goods were top priority in post-1928 Soviet development strategy, it might have been foolish to have conveyed capital goods in vehicles which formerly carried consumption goods simply in order to avoid having to invest in the transportation system. These kinds of arguments suggest that ac may be low enough so that in practice capital might not be shifted even though in theory it could be. If this is so, the relevant historical case is s' < s(0) < s*. The initial savings rate is lower than the desired rate, but not so low as to encourage capital shifting. The Fel'dman story about a two-department specific capital economy may not be literally true, but it probably makes a good parable. The effectiveness of the parable depends upon a certain stickiness in model (iii) around the initial capital stocks. consumption. The higher this asymmetric adjustment cost, the less profitable it becomes to shift capital.18
The case s(0) > s* could be treated analogously. One could transform (45) into a condition that depends only on parameters and initial values. This condition could be given a roughly similar interpretation to that which was placed on (49).
PROOF OF THE THEOREM
We prove only (44). The proof of (45) 
I(t) = I(T)e9(t-r),
18 The behavior of model (iii) vis a vis model (ii) should be contrasted with the behavior of (ii) vis a vis (i). In all but a razor's edge case the two sector model yields an optimal growth path different from that which would prevail in the one sector case. As we have seen, however, the behavior of (iii) may well duplicate that of (ii). The mathematical reason is that although in (iii) an extra sector has been added, an extra initial condition has also been included with the stipulation that economy (iii) starts off without any excess capacity. . Due to convexity in production and strict concavity of utility, we are assured that the Pontryagin necessary conditions are also sufficient for the proposed solution to be optimal. Strictly speaking, the "transversality condition" (78) is generally a sufficient rather than a necessary condition for optimality and optimal paths may exist which do not satisfy it. The present case, however, is different. As we show constructively, there exists a solution satisfying (78) which obeys all the other Pontryagin conditions. Since from strict concavity of utility an optimal solution is unique, the sufficient conditions must also be necessary.
From duality theory, we have the following equations20 for all t > 0: 
Obviously (73) is satisfied by values (81). Substitution of (81) into (74) and using (15) yields 7rc(t) = yc(U'(C(t)) -acp(t)).
It follows that for t < T, 7rc(t) > 0 if and only if U'(C(t)) > acp(t). Substituting
CONCLUDING REMARKS
For completeness we include a brief description of optimal three sector growth in the case where capital is shifted and excess capacity is created. Since it is of little intrinsic interest, the proof is omitted-it is mostly a tedious verification of optimality conditions, somewhat in the unhappy spirit of the proof of the previous theorem.
Suppose the historically more interesting case s(O) < s* (the case s(O) > s* is analogous). If capital is to be shifted, we must be given that U'(C(0))/ac < qo, or that s(O) < s'. In Figure 2 , the initial full capacity endowment B (lying in R2) is the starting point of the geometric discussion.
In the first phase all investment goes into I (Ac = AR = 0) and R is transferred from C to I, creating excess capacity in the C sector (c = 0). This moves output from B toward L, creating a pentagonal PPS. The line BL has slope (-ac/a1). The purpose of phase 1 is to rapidly build up I, which grows at the rate yI, from (13) faster than the full capacity maximal rate /3. In this stage P = PI > PR > PC U'(C) < acp, and U'(C)/p increases over time.
Phase 2 begins as soon as U'(C) = acp or s = s' (at point L). This is a stage when the full capacity C output is recouped by investing more in R than is needed to increase I alone. Both I and C grow at the same rate, so that s is constant at s'. Throughout this phase U'(C) = 
